In this paper, the finite-time tracking control problem is discussed for extended nonholonomic chained-form systems with parametric uncertainty, unmodeled nonlinear dynamics and external uncertain time-varying disturbances. Two decoupled subsystems are considered, for which an anti-interference controller is proposed by combining finite-time stability control theory and chattering-free sliding-mode design strategy in the presence of the uncertainty, nonlinearity and perturbation. Moreover, for the corresponding closed-loop systems under the given control law, rigorous finite-time stability analysis is presented at the origin equilibrium point. Finally, the main conclusions are applied to the trajectory tracking control of dynamic nonholonomic mobile robots with visual servoing feedback, and the simulation results show the effectiveness of our control design approach.
Introduction
In recent years, nonholonomic systems have received increasing attention from the control community (Desai, 2001; Vidal et al., 2003; Ailon and Zohar, 2012; Fang et al., 2012; Mas and Kitts, 2012; Dong, 2012 Dong, , 2013 Khooban et al., 2013; Liu and Jiang, 2013; Ou et al., 2013; Cao et al., 2014; Wang et al., 2014; Xie and Ma, 2014; Hervasa and Reyhanoglu, 2015; Xu et al., 2015) , because they are interesting from an engineering perspective, and controlling such systems is theoretically challenging. Many mechanical systems can be modeled by a differential equation subject to nonholonomic constraints, for example wheeled mobile robots, underactuated ships, underwater vehicles, free-floating space robots and tractor-trailer systems. Brockett (1983) pointed out that these nonholonomic systems cannot be stabilized to a point with a purely smooth (or even continuous) state feedback control law. However, special design approaches have been presented to stabilize them (Teel et al., 1992; Giildiier and Kin, 1994; Bloch and Drakunov, 1995; Sordalen and Egeland, 1995; Hespanha and Morse, 1999; Laiou and Astolifi, 1999; Chen et al., 2012a Chen et al., , 2013a Chen et al., , 2013b Huang et al., 2013; Chen et al. , 2014 Chen et al. , , 2014a Chen et al. , , 2014b Gao et al., 2014; Hong et al., 2015; Zhang et al., 2015) . Another important issue in the nonholonomic control field is the trajectory tracking problem (Ye, 2008; Ou et al., 2014; Mobayen, 2015; Mobayen and Javadi, 2015) or dynamic model (Jiang and Nijmeijer, 1999; Chwa, 2004; Wu et al., 2005; Park et al., 2010; Chen et al., 2012b; Fu et al., 2013 ) (including chained-form systems (Mobayen, 2015c; Mobayen and Javadi, 2015) or their dynamic extended version (Jiang and Nijmeijer, 1999; Wu et al., 2005) . However, it is not clear whether the stabilization strategies described above can be directly applied to the tracking problems of nonholonomic systems. In the literature (Jiang and Nijmeijer, 1999; Ye, 2008; Fu et al., 2013) , the backstepping recursive technique has been used to design the tracking controller. For simple dynamic nonholonomic mobile robots, a finite-time virtual-controller-tracked saturated tracking control law has been proposed (Chen et al., 2012b) . Additionally both a sliding-mode-based tracking controller for nonholonomic mobile robots under the polar coordinate system and an adaptive tracking control law for nonholonomic electrically driven robots have been proposed (Chwa, 2004; Park et al., 2010) . Besides this, it is worth noting that finite-time control theory has also been considered in nonholonomic systems (Hong et al., 2005; Wu et al., 2005; Ou et al., 2013 Ou et al., , 2014 Chen et al., 2014a; Mobayen, 2014b Mobayen, , 2015c .
Nonsmooth finite-time control makes the controlled system reach the target in a finite time. Compared to regular asymptotic convergence, it has been demonstrated that finite-time stable systems might enjoy not only faster convergence but also better robustness and disturbance rejection properties (Bhat and Bernstein, 1998; Hong et al., 2005) . Several researchers have focused on this topic for nonholonomic systems, for example, visual servoing feedback, finite-time tracking control for (multiple) nonholonomic mobile robots and global finite-time stabilization have all been discussed (Ou et al., 2013 (Ou et al., , 2014 Chen et al., 2014b) . The authors (Hong et al., 2005; Wu et al., 2005) have pioneered research into finite-time control for robust stabilization of chained systems and trajectory tracking of extended chained systems, which was followed by extensive research involving external disturbances using the recursive terminal sliding mode method (Mobayen, 2015a (Mobayen, , 2015b . Also, motivated by previous results (Mobayen, 2014a (Mobayen, , 2014b (Mobayen, , 2015a (Mobayen, , 2015b (Mobayen, , 2015c Mobayen and Javadi, 2015) , avoiding chattering phenomena when applying the sliding-mode control approach for dealing with uncertain parameters and external disturbances for finite-time stabilization of nonholonomic systems will be challenging. Moreover, to the authors' knowledge, there have been no published reports of finite-time trajectory tracking control for nonholonomic extended chained-form systems with parametric uncertainty and external disturbances, based on the chattering-free sliding-mode technique.
The main points of this article can be summarized as follows.
1. Tracking control of extended chained-form systems with uncertain parameters and time-varying external disturbance is discussed for the first time, which extends previous results (Wu et al., 2005; Mobayen, 2015c; Mobayen and Javadi, 2015) to be more general. 2. Anti-interference, chattering-free sliding-mode, finite-time tracking controllers are proposed for the two decoupled subsystems of extended chained-form systems, such that the corresponding closed-loop system of tracking error is finite-time stable at the origin equilibrium point. 3. As a practical engineering application example, the control design strategy is implemented for a class of nonholonomic wheeled mobile robots based on visual servoing, and the simulation results show the effectiveness of the proposed controller.
The structure of the article is as follows: the problem formalization, assumptions, some lemmas and preliminaries are given in Section 2. Section 3 states our main results including tracking controller design, stability analysis and numeric simulations of a closed-loop system. Section 4 provides an illustrative application example and the corresponding simulation results of the proposed methodology. Finally, conclusions are given in Section 5.
Problem statement
Nonholonomic systems in extended chained-form can be described by
T 2 R 2 can be seen as the velocity input for the kinematics model (Mobayen, 2015c; Mobayen and Javadi, 2015) , and we denote the practical control input [ 1 , 2 ] 2 R 2 as the formal inputs of force or torque for the extended dynamic model (Wu et al., 2005; Chen et al., 2012b Chen et al., , 2014 .
smooth nonlinear control directions and system unmodeled dynamics, respectively.
are bounded unknown uncertain positive constant parameters,
n is generated using the following equation
where [u 1d , u 2d ] 2 R 2 is the time-varying reference control signal. Defining the dynamics of tracking error
n , by some manipulations from equations (1) and (2), we have
Assumption 1. The change rate of the external disturbances in system (1) are bounded
where k id > 0 is a constant.
Assumption 2. The time-varying, derivable reference control signal u id , (i ¼ 1,2) is bounded, i.e. there exist positive constants u id , u id ,
Lemma 1. (Bhat and Bernstein, 1998; Hong et al. 2005; Chen et al., 2014a) . Consider the following system
suppose there exists a continuous function Vð xÞ : U ! R such that the following conditions hold. Then the origin is a finite-time stable equilibrium of system (5). If U ¼ U 0 ¼ R n , and the origin is a globally finite-time stable equilibrium of system (5). Remark 1. In fact, the finite settling time of system (5) can be estimated by the function VðxÞ, Tð
Lemma 2. Consider the time-varying chained-form system
u 2 R are the state vector and control input, respectively. f(t): R þ } R þ is a bounded, continuous function with its bounds , (i.e. 0 5 f ðtÞ ).
be real numbers satisfying
Then, the finite-time stabilizing control law (6) can be constructed in the form of
Remark 2. System (6) is a special case of (9) in Hong et al. (2005) with q n ¼ 1, M ¼ 0, thus the proof is omitted.
Then the control task in this article is to design a chattering-free dynamic feedback law ( 1 , 2 ) for tracking error system (3) in the presence of uncertainty and disturbance, such that the closed-loop system is globally finite-time stable at the origin equilibrium point.
Main results

Controller design and stability analysis
Firstly, note that system (3) can be decoupled into two subsystems as follows
and
, then system (7) can be rewritten as
If we present a chattering-free control law 1 for system (9) above, such that (x 1e ,ũ 1 ) ! 0 in some finite time T 1 , which means x 1e ¼ 0, u 1 ¼ u 1d as t ! T 1 . After that time, system (8) is equated to
Next, we will give our main conclusion. The design parameters of Theorem 1 (such as r i , k, b i , and so on) are denoted as in Lemma 2 unless otherwise stated.
Take the following state feedback control law
Then the closed-loop system of (3) under the controllers (12) to (14) can be stabilized to zero in a finite time.
Proof. Since system (3) is decoupled into two subsystems (8) and (9), we substitute 1 from equations (12) and (13) into (9). First, we obtain
Substituting 1eq of equation (13) into equation (15), we have
Then the next task is to prove that system (16) is finitetime stable at the origin point. In fact, according to Lemma 2, it is clear thatṽ 2 is a finite-time stabilizing controller for the following sliding-mode-like surface dynamics
So, from (16), we denote
which can be seen as a sliding-mode variable. Once s 1 ¼ 0, the nonlinear system (16) will behave in an identical fashion to (17), i.e. (x 1e ,ũ 1 ) will converge to zero in a finite time.
1 be a Lyapunov function candidate of (16), its time derivative can be calculated as follows
Substituting _ 1r from equation (13) into equation (19) gives
So from equation (20), one has
Because it is not difficult to solve 1r from equation (13) 
then combining equations (18) and (22) with the initial condition 1r (0) ¼ 0, we have
Hence, from equations (21) to (23), we have
From Lemmas 1 and 2 and equation (24), subsystem (15) will be driven into the ideal sliding-mode dynamic surface (17) in a finite time, i.e. there exists a finite time
Next, we will prove that the state (x 2e , x 3e ,. . ., x ne ) of subsystem (8) can be stabilized to zero in a finite time. When t ! T 1 , system (8) is equal to (10), for which we also select an ideal finite-time stable sliding-mode dynamic surface (from Lemma 2)
Denote the sliding-mode variable for (10) as follows
Similarly, from equation (26), let V 2 ¼ 1 2 2 2 be a Lyapunov function candidate for system (10). Its derivative with respect to time t along (10) can be calculated as
Substituting 2r from equation (14) into equation (27), we have
From equations (11) and (28) one can obtain
and from a similar analysis of
Therefore, from Lemmas 1 and 2 and equation (29) after t > T 1 , there exists a finite time T 2 < þ 1 such that subsystem (10) will reach into the ideal sliding surface (25), which means
Hence, there exists a finite time T ¼ T 1 þ T 2 < þ 1 such that the tacking error system (3) can be stabilized to zero as t ! T, and x ie 0, (i ¼ 1,..,n), 8t ! T, which thus completes the proof of this theorem.
Remark 3. Note that there are sign functions in the disturbance-resist parts 1r , 2r of equations (13) and (14), which means that the controller (12) is nonsmooth, but is continuous because the sign functions are designed in the right hand of _ 1r , _ 2r . Indeed, 1r and 2r in equation (12) can be seen as the output of the filters (13) and (14), respectively, and will be softened to be continuous signals. The Laplace transfer functions of the filters are
Therefore, the continuous controllers (12) ensure that the chattering phenomenon of conventional slidingmode design can be avoided. 
where e can be seen as a small time sampling period, and then sgn(s 1 ) can be calculated by h(t þ e) À h(t) at time t. In addition, sgn(s 2 ) can be obtained in the same way
Numeric simulation
In this subsection, we will give numeric simulations for the following fourth-order tracking error system (30), i.e. n ¼ 4 for equation (3)
For simplicity, we suppose that
sin(x ie ), (i ¼ 1,2), the initial condition is (2.0, 1.5, À0.8, 1.0, À1.2, À2.5). From the proposed controllers (12) to (14) in Theorem 1, we choose design parameters as follows:
From the numeric simulations in Figures 1 to 3 , we can see that the tracking error state (x 1e , x 2e , x 3e , x 4e ) of the fourth-order chained-form systems (30) can be stabilized to zero in a finite time T < 15s. Compared to some recent papers, for example, Chen et al. (2013 Chen et al. ( , 2014 Chen et al. ( , 2014a , our continuous sliding-mode controller gives better performance as it can avoid the chattering phenomenon due to frequent switching controlling, shown in Figure 3 . 
Application to a mobile robot with visual feedback
A class of nonholonomic wheeled mobile robots with a visual servoing feedback model is considered as an application example, and the simulation results will be presented in this section.
As shown in Figure 4 , the dynamic model of wheeled mobile robots with a fixed camera on the ceiling can be described as (Chen et al., 2013a (Chen et al., , 2013b (Chen et al., , 2014b Ou et al., 2013 )
where (x m , y m ) is the image coordinate of the mass center, P(x, y), v is the forward velocity, o is the steering velocity, y denotes its heading angle from the horizontal axis, and ( 1 , 2 ) is control input. For simplicity, we assume that the angle y 0 ¼ 0, the unknown camera parameters a 1 , a 2 and external disturbance d 1 (t), d 2 (t) satisfy Chen et al. (2014) 0 5
Take a state and input transformation (Chen et al., 2014b) for equation (31)
The reference trajectory (x 1d , x 2d , x 3d ) can be described by
with the assumption 0 5 u id u id u id , u id _ u id û id , ði ¼ 1, 2Þ, 8t ! 0. Define tracking error as x ie ¼ x i À x id , (i ¼ 1,2,3), then the tracking error system is stated from equations (32) and (33)
Now, the tracking error system is just the same as our extended chained-form system (3). Next, we will select design parameters in Theorem 1 to propose the controllers for the closed-loop system (equation (34)), to show that the state variable (x 1e , x 2e , x 3e ) ! 0 in a finite time.
, it has
From equation (35), two decoupling subsystems can be obtained clearly
In the following simulations, we suppose that:
À3t . According to the discussion of selecting parameters given in Lemma 2 and Theorem 1, for a given (34) is (0.6, À 0.3, À 1.5,2.0, À 1.2). . Figure 6 shows that its states can be stabilized to zero as t 20s, thus x ie ! 0 for the time t is not more than 17s. Figure 7 gives the response of control inputs 1 and 2 with respect to time, and the trajectory of auxiliary signals (u 1 À u 1d , u 2 À u 2d can be found in Figure 8 .
Conclusion
In this article, a chattering-free finite-time controller is presented for solving the global trajectory tracking problem of extended nonholonomic chained-form systems with uncertain parameters and time-varying external perturbations. This control method can be applied to a class of nonholonomic wheeled mobile robots with unknown camera parameters and external disturbances based on visual servoing. Simulation results are illustrated for wheeled mobile robots with visual feedback in the presence of external disturbances, and the results demonstrate that the proposed control law achieves a favorable tracking performance for disturbed nonholonomic systems.
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